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ABSTRACT

This paper presents the trilateral filter (TF) in the perspective of
graph signal processing. The TF is a single-pass nonlocal filter for
edge-preserving smoothing. To smooth an image, it does not require
many iterations compared to conventional smoothing methods, e.g.,
the bilateral filter. Additionally, one parameter is only required for
filtering. Since the TF coefficients depend on original image data,
it is not possible to provide a frequency domain representation us-
ing regular signal processing. To overcome this problem, we firstly
show the TF as a vertex domain transform on a graph and then de-
fine it on graph spectral domain. In the experimental results, the
proposed method presents better denoising performances than con-
ventional methods.

Index Terms— Trilateral filter, bilateral filter, graph signal pro-
cessing, spectral graph theory, denoising

1. INTRODUCTION

So far, many smoothing filters have been proposed [1]-[9]. The gaus-
sian filter [1, 2] has been widely used and it removes details well.
The bilateral filter (BF) was proposed to preserve the image edges
[4, 5]. In image processing, the BF has been widely used in different
applications such as denoising and edge-preserving multiscale de-
composition [6, 7]. It usually requires many iterative operations to
smooth images, which lead to high computational cost. To overcome
this problem, the trilateral filter (TF) was proposed [8, 9]. It does not
need many iterations in comparison with the BF, and users are only
required to set one parameter.

The weight of the TF is determined from original image pix-
els. Hence, it is data-dependent image filtering. Normally, the data-
dependent method is not possible to provide a frequency domain rep-
resentation with regular signal processing.

The BF, which is also a data-dependent filtering, can be repre-
sented in graph spectral domain by using the approach from graph
signal processing [12]. In this method, a vertex of a graph is set as
a pixel, and the BF coefficients are used as the link weights of the
graph. From the spectral graph theory, the BF on graph was defined
as spectral graph filters, where the spectral response is calculated by
using eigenvectors and eigenvalues of the graph Laplacian matrix
[12]-[17]. Similar to the Fourier transform of regular signals, the
eigenvalues and the eigenvectors capture the oscillatory behavior of
the graph signal. By using the spectral domain representation, the
BF was suggested as a low pass filter that can be characterized by
a spectral response corresponding to a linear spectral decay. This
representation enables us to use a flexible low pass filter defined

This work was supported in part by JSPS KAKENHI Grant Number
24760288 and MEXT Tenure-Track Promotion Program.

on spectral domain and it presents significant performance improve-
ments compared to the traditional BF.

In this paper, we propose the TF represented in graph spectral
domain. The TF is generally composed of the gradient smoothing
and the detail smoothing. These smoothing steps can be represented
on graph vertex domain. Then, similar to the aforementioned BF,
the TF is implemented on graph spectral domain. Specifically, the
gradient and the detail smoothing filters are represented in spectral
domain, and we redefine the TF using these spectral filters. Our
method can also be regarded as double low pass filters in spectral
domain and can be extended to multi-lateral filter. In experiment,
the proposed method indicates better denoising performances than
the conventional BF and TF.

This paper is organized as follows. Section 2 briefly reviews
the TF. Section 3 describes definitions of the graph spectral filters.
The main contribution of this paper is presented in Section 4, which
describes how the TF is constructed on vertex domain and spectral
domain. We verified our method through image denoising, which is
discussed in Section 5. Finally, Section 6 concludes the paper.

Notations: Upper case bold-face letters and calligraphic capital
letters indicate matrices and sets, respectively. A subscript of a ma-
trix represents its size if there is no explicit expression. Superscript
·T is the transpose of the matrix. Gaussian functions with variance
σc and σs are denoted as c(·) and s(·), respectively.

2. TRILATERAL FILTER

The TF presents a strong noise reduction performance in high-
gradient regions [8, 9]. It requires only one user-set parameter, and
does not require many iterations to obtain a smoothed image.

Let I, p, and w denote the input signal, the signal position vec-
tor, and the offset vector, respectively. First, the TF smoothes image
gradient with the BF:

G(p) =
1

k

Z ∞

−∞
∆I(p + w)c(w)s(‖∆I(p + w) − ∆I(p)‖)dw,

(1)

where ∆I is the gradient of the input signal and k is the normaliza-
tion term calculated as

k =

Z ∞

−∞
c(w)s(‖∆I(p + w) − ∆I(p)‖)dw.

For the subsequent second BF, the TF uses the smoothed gradient
G(p) for estimating an approximating plane as follows:

T(p,w) = I(p) + wG(p). (2)



Fig. 1. Pixel intensity and gradient graphs. Red and blue vertices in-
decates pixels and gradients, respectively. (a) Eight-neighborhoods
graph. (b) The vertically and horizontally connected graph. (c) The
diagonally connected graph. (d) The gradient graph of (b). (e) The
gradient graph of (c).

Let I∆ = I(p + w) − T(p,w). The TF output is calculated as
follows:

Î(p) = I(p) +
1

k∆

Z ∞

−∞
I∆c(w)s(I∆)f(p,w)dw, (3)

where k∆ is the normalization term calculated as

k∆ =

Z ∞

−∞
c(w)s(I∆)dw.

Additionally, f(p,w) is a neighborhood function represented as

f(p,w) =

(

1 if ‖G(p + w) − G(p)‖1 < R

0 otherwise
(4)

where R specifies the adaptive region and is discussed below.
The TF only requires a specification of the parameter σc for c(·),

while σs of s(·) is self-adjusted. Let g be a gradient magnitude of I.
Then, σs is determined as follows:

σs = β ‖max(g(p)) − min(g(p))‖1 , (5)

where β = 0.15 is recommended in [8] and R = σs.

3. GRAPH SPECTRAL FILTERS

Here, we consider an undirected graph G = {V, E} where ver-
tices V = {1, 2, . . . , n} are the pixels of the input image and the
edges E = {(i, j, wij)} capture the similarity between two pixels,
as shown in Fig. 1(a). Adjacency and diagonal degree matrices are
defined as W = [wij ]n×n and Djj =

P

i wij , respectively.
The spectrum of a graph is defined by eigenvalues and eigen-

vectors of its Laplacian matrix [13]-[17]. The Laplacian matrix of
the graph is defined as L = D − W and its normalized form is
L = D−1/2LD−1/2. Since the normalized Laplacian matrix L is
a positive semi-definite matrix, the matrix L is decomposed into an
orthogonal set of eigenvectors U = [u1, . . . ,un] and eigenvalues
Λ = diag(λ1, . . . , λn) represented as follows:

L = UΛUT . (6)

In the graph setting, the graph Laplacian eigenvalues and eigenvec-
tors provide a similar notion of frequency. The eigenvalues can be
treated as graph frequencies, and are always situated in the internal
[0, 2] for L. The graph Fourier transform (GFT) of x is defined as

ex = UT x. (7)

Clearly, the inverse GFT is given by x = Uex.
Similar to regular signal processing, a graph spectral filtering

can be defined as follows:

exout(λl) = h(λl)exin(λl). (8)

By using the GFT and the inverse GFT, a graph spectral filtering with
the matrix notation is represented as

xout = Uh(Λ)UT xin

= h(L)xin, (9)

where h(Λ) is the spectral response of a graph filter represented as

h(Λ) =

2

6

4

h(λ1) 0
. . .

0 h(λn)

3

7

5

. (10)

4. TRILATERAL FILTER ON GRAPH

As mentioned in Section 2, the TF firstly smooths gradient, and then
the input image is smoothed with this smoothed gradient. In this
section, the TF is viewed as a vertex domain transform on a graph
and it is further represented in graph spectral domain.

4.1. Vertex-Domain TF

To smooth gradient of the input image, the edge weight wij is ini-
tialized by gradient as follows:

wij =

(

x(j) − x(i) if edge of the graph exists
0 otherwise,

(11)

where x(·) is the input pixel value. Let w
(1)
ij and w

(2)
ij be the edge

weights for the vertically and horizontally connected graph (Fig.
1(b)) and the diagonally connected graph (Fig. 1(c)), respectively.
Then, edge weights calculated by (11) are set to vertices and the
graph of the gradient is constructed such as Fig. 1(d) and (e). We
consider these two gradient graphs in this paper.

For each gradient graph, the edge weights are calculated similar
to the BF. They are represented as follows:

bw
(t)
ij =

8

>

<

>

:

exp
“

− ‖bpj−bpi‖2

2σ2
c

”

exp
“

− (w(t)(j)−w(t)(i))2

2σ2
s

”

if edge exists
0 otherwise,

(12)

where bpi is the coordinate of the ith gradient and t = 1, 2. Let cW(t)

and bD(t) be the adjacency matrix and the diagonal degree matrix of
the gradient graph given by cW(t) = [ bw

(t)
ij ] and bD

(t)
jj =

P

i bw
(t)
ij .

The gradient w(t) is bilaterally smoothed as follows:

ew(t) = ( bD(t))−1
cW(t)w(t), (13)

where ew(t) = [ ew
(t)
ij ] is the smoothed gradient for each direction.

Note that (1) is equivalent to (13) for t = 1. However, the diagonal
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Fig. 2. Spectral responses. The blue line is the original kernel
represented as (17) and (18). The green line is the proposed for
hreg(λ) = λ.

direction, which is the case of t = 2, is not considered in the original
TF and is newly introduced in this paper.

The edge weight of the original graph w is updated with the
smoothed gradients ew(t) in each direction. Let the smoothed edge
weight be denoted as w′ = [w′

ij ]. Next, to smooth the image, the
edge weights of the original image is updated as

wij =

(

exp
“

− ‖p̄j−p̄i‖2

2σ2
c

”

exp
“

− (w′(j)−w′(i))2

2σ2
s

”

if w′
ij 6= 0

0 otherwise
,

(14)
where p̄i is the coordinate of the ith pixel. Finally, the output of the
vertex-domain TF is represented as

x = D
−1

Wx, (15)

where W = [ wij ] and Djj =
P

j wij . The output of the TF in (3)
corresponds to (15).

4.2. Spectral Representation of TF

Here, the vertex-domain filtering in (15) is rewritten as

x = D
−1

Wx

= D
−1/2

D
−1/2

WD
−1/2

D
1/2

x

= D
−1/2

(I −L)D
1/2

x, (16)

similar to that of [12]. With the normalized input xnor = D
1/2

x

and the normalized outputxnor = D
1/2

x, (16) becomes

xnor = (I −L)xnor

= U(I −Λ)U
T
xnor. (17)

Since the spectral response is h(Λ) = I −Λ, (17) is considered as
the spectral filtering. This spectral response corresponds to the linear
decay shown in the blue line of Fig. 2. It tries to preserve the low
frequency components and attenuate the high frequency component.
Hence, h(Λ) acts as a low pass filter.

Similarly, (13) expressed as the gradient smoothing can be rep-
resented similar to (17) as

ew(t)
nor = bU(I − bΛ) bUT w(t)

nor, (18)

where w
(t)
nor = bD1/2w(t) and ew

(t)
nor = bD1/2

ew(t). Therefore, the
gradient smoothing is also considered as the low pass spectral filter-
ing.

Let w1 be the first-order derivative of the input image. The gra-
dient smoothing in (18) can be rewritten as follows:

h1(x) = bUh(bΛ) bUT w1. (19)

Similarly, the detail smoothing in (17) can be rewritten with the spec-
tral response h(Λ) as

h0(h1,x) = x = Uh(Λ)U
T
x, (20)

where U and Λ are derived from h1. From (20), the TF can be re-
garded as double (recursive) low pass filters.

4.3. Multi-lateral Filter

The TF firstly smooths the first-order derivative of the input image,
and then smooths the image with the smoothed derivative. Here, we
consider the multi-lateral filter as a generalized BF and TF.

Let wm be the mth-order derivative of the image. The derivative
is smoothed as

hm(xin) = bD−1
m

cWmwm, (21)

where cWm and bDm be the adjacency matrix and the diagonal de-
gree matrix given by cWm = [( bwm)ij ] and ( bDm)jj =

P

i( bwm)ij ,
respectively. The mth-order derivative of the image wm is derived
from xin, and then cWm is derived from wm. Similarly, (m− 1)th-
order smoothed derivative is represented as

hm−1(hm,xin) = bD−1
m−1

cWm−1wm−1, (22)

where the matrix cWm−1 is derived from hm, i.e., the smoothed
mth-order derivative of the image and the (m−1)th-order derivative
of the image wm−1 is derived from xin. Therefore, the multi-lateral
filter is represented as follows:

xout = h0(h1(. . .hm−1(hm(xin),xin) . . .),xin),xin). (23)

5. EXPERIMENT

5.1. Spectral Kernel Design for Denoising

Let the noise signal be e. An observed ith pixel value of noisy image
is represented as

y(i) = x(i) + e(i). (24)

With the regularization operator hreg(L), the denoising problem can
be represented as [18, 19]

xreg = arg min{‖x − y‖2
2 + ρ‖hreg(L)x‖2

2}, (25)

where ρ > 0 is a regularization parameter. ‖x−y‖2
2 in (25) is a dis-

tance measure between the noisy image and the original image. The
term ‖hreg(L)x‖2

2, on the other hand, indicates the regularization
term. Because it may lead to oversmoothing without the regulariza-
tion term, it is the ill-posed problem. When hreg(L) is considered as
an arbitrary high pass filter, the high frequency component is added
to ‖x − y‖2

2. The objective function is represented as

K = ‖x − y‖2
2 + ρ‖hreg(L)x‖2

2. (26)

Setting the partial derivative of K to zero, we obtain

∂K

∂x
= 2(x − y) + 2ρh2

reg(L)x = 0. (27)



Fig. 3. Denoised results. (a) Original image. (b) Noisy image (σ = 25), PSNR=20.27 dB. (c) BF. (d) TF. (e) Vertex-domain BF. (f)
Vertex-domain TF. (g) Spectral-domain BF. (h) Spectral-domain TF.

Table 1. The denoising results. These are indicated with PSNR (dB).
Images BF TF Vertex-domain BF Vertex-domain TF Spectral-domain BF Spectral-domain TF
Lena 21.60 22.23 23.01 25.33 26.18 27.01
Watch 21.87 23.32 23.55 25.11 25.85 26.14
Boat 21.94 21.89 23.46 24.48 25.50 26.09

Monarch 21.85 19.67 22.76 21.60 23.84 25.15

Then, xreg can be expressed as

xreg = (I + ρh2
reg(L))−1y

= U(I + ρh2
reg(Λ))−1U

T
y. (28)

Since hreg(L) is designed as the high pass filter, (I + ρh2
reg(L))−1

indicates the low pass filter. Our method uses this low pass filter
instead of (I−Λ) in (17), i.e., h(Λ) = (I+ ρ̄h2

reg(Λ))−1. Similarly,
(18) is replaced with h(bΛ) = (I + bρh2

reg(bΛ))−1. Since the kernel
h(λ) is generally not a polynomial of λ, this kernel is approximated
with Chebychev polynomials [13].

5.2. Experimental Results

Four eight-bit grayscale images, Lena, Watch, Boat, and Monarch
are used for the experiments. These images are 128 × 128 pixels
and partial images of the original ones.

We compare the image denoising performances with the BF [4]-
[7], the TF [8, 9], the vertex-domain BF [10, 11], the vertex-domain
TF, the spectral-domain BF [12], and the spectral-domain TF. The
vertex-domain BF and TF use the aforementioned linear decay ker-
nel, and those for the spectral-domain BF and TF were changed to
the proposed kernel explained in Section 5.1 where hreg(λ) = λ.
This spectral response is shown in the green line of Fig. 2. White
gaussian noise with σ = 25 are added to the images. In this paper,

the preprocessing step in edge detection is used for constructing the
graphs of the vertex-domain and spectral-domain methods, so that
the connection between vertices are disconnected if the edge of the
graph connects two distinct image regions.

The denoising results with five iterations are shown in Table 1.
Our method, i.e., the spectral-domain TF, shows better performances
than the BF and the TF. By using the spectral filtering, the perfor-
mance of the TF is significantly improved. Especially, in the result of
Monarch, the spectral-domain TF outperformed the vertex-domain
one by more than 3.5 dB.

The filtered Monarch images are shown in Fig. 3. The BF and
TF in pixel-domain presents worse performances than the graph-
based methods. The vertex-domain TF smoothes the noisy image
while edge is preserved. However, the details are considerably
blurred, which is observed in Fig. 3(f). It is clear that the spectral-
domain BF and TF present good smoothing performances with
edge preservation properties. Furthermore, the spectral-domain TF
retains clear details compared to the spectral-domain BF.

6. CONCLUSION

In this paper, the trilateral filter was represented on vertex and spec-
tral graph domains. The trilateral filter can be regarded as the dou-
ble low pass filters. Furthermore, the multi-lateral filter was intro-
duced. Our trilateral filter obtained better PSNRs than the conven-
tional methods as well as the significant improvements of the visual
qualities.
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