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Abstract—This paper presents a graph signal denoising method
with the trilateral filter defined in the graph spectral domain.
The original trilateral filter (TF) is a data-dependent filter that
is widely used as an edge-preserving smoothing method for image
processing. However, because of the data-dependency, one cannot
provide its frequency domain representation. To overcome this
problem, we establish the graph spectral domain representation
of the data-dependent filter, i.e., a spectral graph TF (SGTF).
This representation enables us to design an effective graph signal
denoising filter with a Tikhonov regularization. Moreover, for
the proposed graph denoising filter, we provide a parameter
optimization technique to search for a regularization parameter
that approximately minimizes the mean squared error w.r.t. the
unknown graph signal of interest. Comprehensive experimental
results validate our graph signal processing-based approach for
images and graph signals.

Index Terms—Trilateral filter, graph signal processing, spectral
graph theory, denoising, 3D mesh smoothing, SURE, Cp-type
cost.

I. INTRODUCTION

MANY image smoothing filters have been proposed so
far [1]–[17]. The Gaussian filter [1], [2] has been

widely used because it removes details well. The bilateral
filter (BF), which is an extension of the Gaussian filter, is
utilized in different applications of image processing such as
denoising, edge-preserving multiscale decomposition, and the
contrast reduction of high dynamic range images [5]–[8]. The
trilateral filter (TF) was extended from BF [9], [10]. It can
reduce noise more than BF in a high gradient region with
fewer user-defined parameters.

Weights of BF, TF, and similar filters are determined from
given signal data, and hence, they are data-dependent. In
general, data-dependent filters cannot provide the frequency
domain representation with regular signal processing1. Since
the intuitive filter response of a data-dependent filter is un-
known due to the lack of the frequency domain representation,
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1In this paper, we often use the term regular signals/transforms to distin-
guish discrete signals on uniform points without explicit structures from the
graph signals discussed in this paper.

an appropriate filter response is not easily determined for some
image processing problems.

Graph signal processing (GSP) will be a possible approach
to resolve the problem. It is a powerful tool for analysis of
signals on graphs [18]–[24]. An element of a graph signal
is placed on a vertex, and scalar values are assigned to every
edge between two vertices as edge weights. Based on the graph
structure, similar to the Fourier transform of regular signals,
the eigenvalues and the eigenvectors of a graph Laplacian
matrix capture the oscillatory behavior of a graph signal. From
this characteristic, a graph signal is transformed to its graph
spectral domain analogous to the frequency domain for regular
signal processing. This transformation is called the graph
Fourier transform (GFT) [22], and spectral graph filters are
defined in the graph spectral domain.

The graph spectral domain representation of BF was pro-
posed by Gadde et al. [18] as a new image smoothing method.
In this method, a pixel is considered as a vertex of an image
graph, and a vertex is connected to some eight-neighbors by
using edges. Image values are placed on vertices, and edge
weights of a given graph are set with the filter coefficients
of BF. By using the notation on the graph spectral domain,
BF was suggested as a graph low pass filter that can be
characterized by a spectral response corresponding to a linear
decay. This representation enables us to use BF as a flexible
low pass filter defined on the spectral domain for the pixel
(vertex), resulting in a significantly better smoothing quality
than BF. For image denoising, the spectral graph BF (SGBF)
adopts the Tikhonov regularization [25], [26]. SGBF achieves
better denoising quality than that defined in the pixel domain.

In this paper, we propose TF represented in the graph
spectral domain (SGTF2). Roughly speaking, TF performs the
following two steps: the gradient smoothing and the detail
smoothing. First, we show that these smoothing steps can
be represented in the graph vertex domain. Then, similar
to the aforementioned BF, TF can be defined in the graph
spectral domain. Specifically, both the gradient and the detail
smoothing filters are represented in the graph spectral domain,
and we re-define TF using these spectral filters.

For main applications of the proposed SGTF, we present
denoising/smoothing methods for various graph signals, in-
cluding images and 3D meshes [8], [9], [12], [27], [28], where
SGTF serves as the transform involved in a Tikhonov regular-
ization formulation, like the SGBF case [18], [19]. Moreover,

2SGTF means spectral graph TF. Similarly, the graph vertex domain TF is
abbreviated to VGTF. The GSP-based methods of BF are also abbreviated as
SGBF and VGBF.
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we also propose a method for selecting regularization param-
eters for the proposed SGTF-based Tikhonov regularization.
Specifically, the method, which is inspired by Cp-type cost
[29], finds a parameter that approximately minimizes the mean
squared error (MSE) w.r.t. the unknown original graph signal
of interest. In the experiments, the proposed method outper-
forms a number of graph signal denoising methods, including
graphBior [30], oversampled graph filter bank (OSGFB) [31]
and spectral graph wavelet transform (SGWT) [20].

Preliminary Study— Previously [32], we proposed a prelim-
inary version of SGTF only for images, where we separated
the gradient smoothing step into the vertically and horizontally
connected image graph and the diagonally connected one3.
The above separated gradient smoothing clearly cannot be
applied to the arbitrary graph signal. SGTF proposed in this
paper is adapted to arbitrary graph signals by modifying the
two smoothing steps, especially the gradient one, with the
help of the constructed gradient graph (which is described
in detailed description is given in Section IV).

This paper is organized as follows. Section II briefly reviews
TF. Section III defines the graph spectral filters. In Section
IV, we describe how TF is constructed on the vertex domain
and the spectral domain. Section V explains SGTFs for the
denoising problem. After the description of our method, we
review related works and state our contributions in Section VI.
We verified our method through some experiments in Section
VII. Finally, Section VIII concludes the paper.

Notations: Bold-face capital and small letters indicate a
matrix and a vector, respectively. Calligraphic capital letters
are sets. The matrices I and O are the identity matrix and
the null matrix, respectively. Superscript ·> is the transpose
of the matrix. The `p norm (p ≥ 1) is defined as ‖x‖p where
‖x‖p := (

∑N
i=1 |xi|p)

1
p (∀x ∈ RN ). Gaussian functions with

variance σ2
c and σ2

s are denoted as

c(·) := exp

(
−‖ · ‖

2
2

2σ2
c

)
,

s(·) := exp

(
−‖ · ‖

2
2

2σ2
s

)
.

II. TRILATERAL FILTER

TF strongly smoothes high gradient regions in an image [9],
[10]. It requires only a few user-set parameters and no iterative
process to obtain a smoothed image.

Let X := [Xij ]N1×N2
be the input image of size N1 ×

N2, where Xij is a pixel value of X in the i-th row and j-
th column. Then, the input image X is vectorized as x :=
[xk]Nk=1 (N = N1N2), where the coordinate k is represented
as k = (j − 1)N1 + i, i.e., xk = Xij . The coordinate set
of neighbor pixels of xk is defined as N (xk,mw) := {l| l =
(j+α−1)N1+i+β, α, β ∈ {−mw,−mw+1, . . . ,mw}} with
an arbitrary positive integer mw, e.g., its eight-neighborhood
is the case in which mw = 1; N (xk, 1) = {l| l = (j + α −
1)N1 + i+ β, α, β ∈ {−1, 0, 1}}. The vertical gradient of the

3Since the gradient smoothing of the original TF is separated, we also
separated the gradient smoothing in our previous work [32].

image ∇xvk is indicated as

∇xvk :=

{
0, if k = jN1,

xk+1 − xk, otherwise,
(1)

where j ∈ {1, 2, . . . , N2}. Additionally, the horizontal gradi-
ent of the image ∇xhk is represented as

∇xhk :=

{
0, if k = (N2 − 1)N1 + i,

xk+N1 − xk, otherwise,
(2)

where i ∈ {1, 2, . . . , N1}. From the above definitions, the
vertical and horizontal smoothing operators gvk and ghk are
separately defined as

gvk :=
1

rv

∑
lv∈N (∇xv

k,mg)

∇xvlvc(αv + βv)s(∇xvk −∇xvlv),

ghk :=
1

rh

∑
lh∈N (∇xh

k,mg)

∇xhlhc(αh + βh)s(∇xhk −∇xhlh),

(3)

where mg is an arbitrary integer, and αv, βv, αh, and βh are
the offset values defined in N (∇xvk,mg) and N (∇xhk,mg).
Additionally, rv and rh are the normalization terms calculated
as

rv =
∑

lv∈N (∇xv
k,mg)

c(αv + βv)s(∇xvk −∇xvlv),

rh =
∑

lh∈N (∇xh
k,mg)

c(αh + βh)s(∇xhk −∇xhlh).
(4)

TF uses the smoothed gradients gvk and ghk for approximating
the neighboring pixel values by using the first-order Taylor
series:

Pl := xk + βgvk + αghk , s.t., l ∈ N (xk,md), (5)

where md is an arbitrary positive integer, and α and β are the
offset values defined in N (xk,md). In TF, the used gradient
∇x̄l is calculated by using (5) as

∇x̄l = xl − Pl. (6)

Finally, the TF output x̂k is defined as follows:

x̂k := xk +
1

rx

∑
l∈N (xk,md)

∇x̄lc(α+ β)s(∇x̄l)f(md), (7)

where l 6= k, and rx is the normalization constants given by

rx =
∑

l∈N (xk,md)

c(α+ β)s(∇x̄l). (8)

Here, the function f(md) is a neighborhood function defined
by

f(md) :=

{
1, if Sg(md) < R,

0, otherwise,
(9)

where R specifies the adaptive region and is determined as
R = σs (σs is defined in (12)), and Sg(md) is given by

Sg(md) := ‖Sgv(md) + Sgh(md)‖1, (10)

in which
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(a)

(b)

Fig. 1. Example undirected graph with edge weights and its adjacency matrix.
(a) Undirected graph. (b) Adjacency matrix of (a).

Sgv(md) :=
∑

lv∈N (∇xv
k,md)

(gvlv − g
v
k),

Sgh(md) :=
∑

lh∈N (∇xh
k,md)

(ghlh − g
h
k).

(11)

TF only requires a specification of the parameter σc for c(·),
while σs of s(·) is self-adjusted. A gradient magnitude of xk
is defined as Mk :=

√
(∇xvk)2 + (∇xhk)2, and this vector is

represented as M := [Mk]Nk=1. Then, σs is determined as
follows:

σs := γ ‖max(M)−min(M)‖1 , (12)

where γ = 0.15 is experimentally recommended by Choud-
hury and Tumblin [9]. Additionally, max(M) and min(M)
denote the maximum and minimum entry of M, respectively.

III. GRAPH SPECTRAL FILTERS

In this paper, we consider an undirected graph G :=
{V, E ,W}, where V and E are the sets of all the vertices and
the edges, respectively. Let vi ∈ V and ei,j ∈ E be components
of a vertex and an edge, respectively, and 1 ≤ i, j ≤ |V| be the
indices of vertices such that i < j, where | · | is represented as
the number of components in a set. Additionally, we assume a
graph without self-loops or multiple connections. The |V|×|V|
adjacency matrix is defined as W := [wei,j ]|V|×|V|, where
wei,j is the weight on the edge ei,j . An example of an
undirected graph and its adjacency matrix are shown in Fig. 1.
In this section, a component of W is also wij in the i-th
row and j-th column. Let D := diag

(
d1, . . . , di, . . . , d|V|

)
be the diagonal degree matrix, where di =

∑|V|
j=1 wij , e.g.,

d2 = we1,2 + we2,3 + we2,4 in the case of Fig. 1(b).
The spectrum of a graph is derived by eigenvalues and

eigenvectors of its Laplacian matrix [20]–[24]. The graph
Laplacian matrix is defined as L := D−W, and its normalized
form is L := D−

1
2 LD−

1
2 . Since the normalized Laplacian

matrix L is a positive semidefinite matrix, it is decom-
posed into an orthogonal matrix consisting of eigenvectors
U := [u1, . . . ,ui, . . . ,u|V|] and a diagonal matrix containing

(a)
(b)

Fig. 2. Example arbitrary graph signal and gradient graph construction. (a)
Arbitrary graph signal. (b) Gradient graph signal constructed from (a). In (a),
red vertices have signal values, and blue lines represent edges. Additionally,
yellow vertices have edge weights as signal values, and the black dotted lines
represent edges for the gradient vertices in (b).

eigenvalues Λ := diag(λ1, . . . , λi, . . . , λ|V|), where ui and
λi are the i-th eigenvector and i-th eigenvalue, respectively.
Hence, the normalized Laplacian matrix can be represented as

L = UΛU>. (13)

In the graph setting, the graph Laplacian eigenvalues and
eigenvectors provide a similar notion of frequency. The eigen-
values can be treated as graph frequencies and are always
situated in the interval [0, 2] for L. The GFT of x is then
defined as

x̃ := U>x, (14)

where x̃ is the signal on the graph spectral domain. Clearly,
the inverse GFT is given by x = Ux̃.

Similar to the regular signal processing, the graph spectral
filtering can be defined as follows:

x̃′i := h(λi)x̃i, (15)

where x̃i is the i-th component of x̃, and h(λi) is the
spectral response for the i-th eigenvalue. Additionally, x̃′i is the
coefficient filtered by h(λi) on the graph spectral domain. By
using the GFT and the inverse GFT, a graph spectral filtering
with the matrix notation is given by

x̄ =Uh(Λ)U>x

=h(L)x, (16)

where x̄ is the filtered graph signal in the vertex domain and
h(Λ) is the spectral response of a graph filter:

h(Λ) :=

h(λ1) O
. . .

O h(λ|V|)

 . (17)

IV. TRILATERAL FILTER ON GRAPH

As mentioned in Section II, TF first smoothes the gradient,
and then the input signal is smoothed by using the smoothed
gradient. In this section, we extend it to a filtering of arbitrary
graph signals. TF is viewed as a vertex domain transform on a
graph and is further represented in the graph spectral domain.
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Fig. 3. Spectral responses. The blue line is the original kernel represented as
(24) and (25). The green line is the modified kernel for ρ = 1 and hreg(Λ) =
Λ.

A. Vertex Representation of TF

In an undirected graph G, a graph signal x ∈ R|V| is
assigned on vertices, i.e., the graph signal value xi, which
is the i-th component of x, is set on the vertex vi. Then, the
gradient gei,j is calculated as follows:

gei,j =

{
xj − xi, if ei,j exists,
0, otherwise.

(18)

This gradient is placed on the edge as shown in Fig. 2(a).
Then, a gradient graph is constructed. The gradients calculated
by (18) are regarded as a graph signal, and adjacent gradient
values sharing the same vertex, i.e., gei,· , are connected by
gradient graph edges as shown in Fig. 2(b). Previously [32],
we separated the gradient graph into the horizontal/vertical
connection and the diagonal one for image processing, because
the original TF employs such an approach and pixels are
always located in a uniform grid. However, this assumption
is not appropriate for filtering arbitrary graph signals. To
generalize the construction of the gradient graph, we consider
integrating the two gradient graphs in our previous work [32]
into one unified graph in this paper. A simple calculation easily
confirms that the unified graph coincides with the separated
graph for the uniform grid.

Analogous to the undirected graph G, let Gg :=
{Vg, Eg,Wg} be a gradient graph, where vgi ∈ Vg and
egi,j ∈ Eg are the sets of all the vertices and the edges,

respectively. Additionally, Wg :=
[
wegi,j

]
|Vg|×|Vg|

is the

adjacency matrix for the gradient graph. By using gei,j and
ki ∈ Z(gei,ki

) := {ki|ei,ki exists, ki = 1, 2, . . . , |V|}, the

gradient is vectorized as g =
[
gei,ki

]|V|−1
i=1

, and the i-th
component of g is also represented as gi. For the gradient
graph, the edge weights are calculated similar to in the BF.
They are represented as follows:

wegi,j :=

{
c(pgj − p

g
i )s(gj − gi), if egi,j exists,

0, otherwise,
(19)

where pgi is the coordinate of the i-th gradient4. Let Dg ∈

4If the coordinate of the graph is not given, pgi = pgj or pi = pj .

R|Vg|×|Vg| be the diagonal degree matrix of the gradient graph.
From the above, the gradient g is bilaterally smoothed as
follows:

gs = (Dg)−1Wgg, (20)

where gs is the smoothed gradient and is also represented as

gs =
[
gsei,ki

]|V|−1
i=1

from the definition of g.
The adjacency matrix of the original graph W is determined

as

wei,j =

{
c(pj − pi)s

(
gsei,j

)
, if ei,j exists,

0, otherwise,
(21)

where pi is the coordinate of the i-th component of x. Finally,
the output of the VGTF xs is represented as

xs = D−1Wx, (22)

where D ∈ R|V|×|V| is the diagonal degree matrix. The output
of TF in (7) corresponds to (22).

B. Spectral Representation of TF

Here, the VGTF in (22) is rewritten as

xs =D−1Wx

=D−
1
2 D−

1
2 WD−

1
2 D

1
2 x

=D−
1
2 (I−L)D

1
2 x, (23)

similar to that of [18], [19]. With the normalized input xnor :=
D

1
2 x and the normalized output xs

nor := D
1
2 xs, (23) becomes

xs
nor =(I−L)xnor

=U(I−Λ)U>xnor. (24)

Since the spectral response is h(Λ) = I − Λ, (24) can
be regarded as the spectral filtering. This spectral response
corresponds to the linear decay shown by the blue line in
Fig. 3. It tries to preserve the low frequency components and
attenuate the high frequency components. Hence, h(Λ) acts
as a low pass filter.

Similar to (24), the gradient smoothing in (20) can be
rewritten as

gs
nor = Ug(I−Λg)(Ug)>gnor, (25)

where gnor := (Dg)
1
2 g and gs

nor := (Dg)
1
2 gs. Therefore, the

gradient smoothing can also be seen as the low pass spectral
filtering with the kernel h(Λg) = I−Λg.

V. DENOISING

In this section, we adjust SGTF in (24) to denoise graph
signals y ∈ RN under additive noise e ∈ RN represented as

y := x∗ + e, (26)

where x∗ ∈ RN is the original signal and e is the noise
signal that is independent of the original signal. To enhance
the denoising quality, the filter kernel of SGTF, i.e., I − Λ,
is modified by using (Tikhonov) regularization. In this for-
mulation, a regularization parameter exists. This parameter
influences the denoising quality but its selection generally
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Fig. 4. Example of path graph.

requires huge computation time, e.g., cross validation [33]. To
overcome this problem, we introduce a parameter selection
criterion through the spirits of the Mallows Cp-type cost [29].
Furthermore, Chebyshev polynomial approximation is used for
the parameter optimization with a reasonable computational
cost. Note that this criterion can also be applied to SGBF and
other graph spectral filters.

A. Spectral Kernel Design for Denoising

With the regularization operator hreg(L), the denoising
problem can be formulated by minimizing a regularized cost
function Θ(x) represented as [18], [19], [25], [26]

xρ := arg min
x

Θ(x)

= arg min
x
{‖x− y‖22 + ρ‖hreg(L)x‖22}, (27)

where the solution xρ is utilized to estimate the original signal,
and ρ > 0 is a regularization parameter. ‖x − y‖22 in (27)
measures fidelity for the observation model (26). ‖hreg(L)x‖22,
on the other hand, indicates the regularization term. When
hreg(L) is considered as an arbitrary (graph) high pass filter, it
enhances smoothness of the solution xρ. Setting the derivative
of Θ(x) to zero, we obtain

∂Θ(x)

∂x
= 2(x− y) + 2ρh2reg(L)x = 0, (28)

where h2reg(L) = hreg(L)hreg(L). Then, xρ can be expressed
as

xρ =(I + ρh2reg(L))−1y

=D−
1
2 U(I + ρh2reg(Λ))−1U>D

1
2 y

=Fρy, (29)

where we denote the enhanced SGTF Fρ := D−
1
2 U(I +

ρh2reg(Λ))−1U>D
1
2 . Since hreg(L) is assumed as the high

pass filter, (I + ρh2reg(Λ))−1 indicates the low pass filter as
can be seen in the green line in Fig. 3. Our method uses
this low pass filter instead of (I − Λ) in (24), i.e., h(Λ) :=
(I+ρh2reg(Λ))−1. Note that the derivation of (I+ρh2reg(Λ))−1

is the same in [18], [19] but the regularization parameter ρ
is not optimized. In general, the parameter ρ is heuristically
determined by users as shown in [18], [19], [32]. However, it
usually requires many trials for each signal and the optimal
parameter will depend on signals and graphs. To overcome this
difficulty, we introduce a parameter optimization technique in
the next subsection.

B. Regularization Parameter Selection via Estimation of MSE

We consider deriving the regularization parameter ρopt that
minimizes MSE represented as

ε :=
1

N
‖xρ − x∗‖22. (30)

0 10 20 30 40 50 60 70
−1.5

−1.0

−0.5

0

0.5

1.0

1.5

Fig. 5. Signal values on a path graph. It has similar characteristics to images:
it is piecewise constant with an impulse and a ramp.

Obviously, the equation (30) cannot be directly calculated
because the original signal x∗ is unknown. To overcome
this issue, we attempt to employ an unbiased estimation of
MSE based on related work [29], [34]–[39]. Although our
framework requires a strong assumption, it is justified by
numerical experiments.

The derivation of our estimation is as follows. MSE ε in
(30) can be decomposed as

ε =
1

N
‖xρ − (y − e)‖22

=
1

N
‖xρ − y‖22 +

2

N
(xρ − y)>e +

1

N
‖e‖22

=
1

N
‖xρ − y‖22 +

2

N
(xρ − (y − e))>e− 1

N
‖e‖22

=
1

N
‖xρ − y‖22 +

2

N
x>ρ e− 2

N
x>∗ e− 1

N
‖e‖22. (31)

When we assume the noise to be zero-mean, the expectation
of ε over the noise eliminates the noise term except for the
inner product x>ρ e as

Ee(ε) =
1

N
Ee(‖xρ − y‖22) +

2

N
Ee(x>ρ e)− 1

N
Ee(‖e‖22)

=
1

N
Ee(‖xρ − y‖22) +

2

N
Ee(x>ρ e)− 1

N
trace(Q),

(32)

where Q is the noise covariance matrix. Since xρ and e are
statistically dependent, Ee(x>ρ e) cannot be easily computed.
Hence we use a strong assumption inspired by Cp-type cost
[29] represented as

Ee(x>ρ e) = trace(FρQ), (33)

which will be justified numerically below. By using (32) and
(33), εm, which is the estimation of ε, is defined as

εm :=
1

N
‖xρ − y‖22 +

2

N
trace(FρQ)− 1

N
trace (Q) , (34)

to be unbiased, i.e.,

Ee(εm) = Ee(ε). (35)

Consequently, the regularization parameter ρ is optimized by
minimizing (34) without accessing the unknown original signal
x∗.

We validate the estimation of MSE in (34) using a graph
signal on a path graph shown in Fig. 4. In this test, the graph



IEEE TRANSACTIONS ON SIGNAL AND INFORMATION PROCESSING OVER NETWORKS 6

0 50 100 150 200
0.05

0.055

0.06

0.065

0.07

Trial number

M
S

E

 

 

Estimation
MSE
Average over trials of estimation
Avarage over trials of MSE

(a)

0 50 100 150 200
0.06

0.08

0.1

0.12

0.14

0.16

Trial number

M
S

E

 

 

Estimation
MSE
Average over trials of estimation
Avarage over trials of MSE

(b)

0 50 100 150 200
0.12

0.14

0.16

0.18

0.2

0.22

0.24

0.26

0.28

0.3

Trial number

M
S

E

 

 

Estimation
MSE
Average over trials of estimation
Avarage over trials of MSE

(c)

0 50 100 150 200
0.2

0.25

0.3

0.35

0.4

0.45

0.5

Trial number

M
S

E

 

 

Estimation
MSE
Average over trials of estimation
Avarage over trials of MSE

(d)

Fig. 6. By using ρ = 1, MSE estimation test over 200 trials and its average. (a) σ = 0.1. (b) σ = 0.3. (c) σ = 0.5. (d) σ = 0.7.
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Fig. 7. Verification test of the MSE estimation in (34) and the strong assumption in (33). (a) MSE estimation test with σ = 0.1. (b) MSE estimation test
with σ = 0.3. (c) MSE estimation test with σ = 0.5. (d) MSE estimation test with σ = 0.7. (e) Assumption test with σ = 0.1. (f) Assumption test with
σ = 0.3. (g) Assumption test with σ = 0.5. (h) Assumption test with σ = 0.7.

signals x∗ := [x
(1)
∗ , x

(2)
∗ , . . . , x

(i)
∗ , . . . , x

(70)
∗ ]> are defined as

Fig. 5. The noisy signal is obtained by adding white Gaussian
noise (AWGN) with σ = 0.1, 0.3, 0.5, and 0.7 to x∗, and then,
the noise covariance matrix Q is calculated as σ2I. As a result,
the estimation of MSE is given by

εm =
1

N
‖Fρy − y‖22 +

2σ2

N
trace(Fρ)− σ2. (36)

The filter kernel of gradient smoothing and detail smoothing
in SGTF are chosen as h(Λg) = exp

(
− (Λg)2

2

)
and h(Λ) =

(I + ρΛ2)−1, respectively.
1) Verification Test of MSE Estimation: Fig. 6 compares

the true MSE (30) and its estimation (36) over 200 trials in
the case of fixed regularization parameter ρ = 1. As shown in
the figure, their averages over trials are quite similar. Then, the
regularization parameter ρ is varied from 0 to 5 in steps of 0.1
for a verification test. The true MSE (30) and its estimation
(36) are shown in Fig. 7(a)–(d). Of course, estimations are not
exactly equal to the true MSE, but the optimized parameter
ρopt is almost identical to that giving the lowest MSE.

2) Verification Test of Assumption in (33): As can be seen
in Fig. 7(e)–(h), the approximation trace(FρQ) in (33) be-

haves similarly to x>ρ e for each ρ. As a result, the assumption
(33) practically works well in our optimization method. In
the following experiments, we use the parameter optimization
introduced in this subsection.

C. Fast Computations
To compute the estimation of MSE from (36), the eigen-

values and eigenvectors of the graph Laplacian matrix are
required. However, full eigendecomposition takes an enor-
mous time for a large sparse matrix. Similar to the work by
Hammond et al. [20], the truncated Chebyshev polynomial
approximation can be applied to this optimization to reduce
the computation time5. In [20], the Chebyshev polynomial
is generated by the stable recurrence relation to derive the
reconstructed signal as follows:

Tk(Fρ)x = 2

(
Fρ
a
− I

)
Tk−1(Fρ)x−Tk−2(Fρ)x, (37)

where Tk(·) is the order-k Chebyshev polynomial and a =

5Hammond et al. [20] also compares the computational complexity between
the method using Chebyshev polynomial approximation and one using full
eigendecomposition. Interested readers are referred to [20] for details.
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(a) (b) (c) (d)

(e) (f) (g)

Fig. 8. Denoising results of kodim23. (a) Original image. (b) Noisy image (σ = 30), PSNR = 18.57 dB. (c) BF, PSNR = 20.92 dB. (d) TF, PSNR = 20.57 dB.
(e) SGBF, PSNR = 22.10 dB. (f) SGTF, PSNR = 23.94 dB. (g) SGTF using ρ = 1 without minimization of the estimation of MSE, PSNR = 22.21 dB.

λmax

2 in which λmax is the maximum eigenvalue of the graph
Laplacian matrix. Recall that Fρ = D−

1
2 Uh(Λ)U>D

1
2 . By

using (37), the first term on the right-hand side of (36) can
be approximately calculated. In addition, D−

1
2 Uh(Λ)U>D

1
2 ,

which is in the second term on the right-hand side of (36),
is approximately computed from (37) by using the identity
matrix I instead of x. As a result, the equation (36) can be
approximately computed.

To verify the effectiveness of the approximation method,
we compare its computation time numerically. In this test,
W = D−

1
2 (I − L)D

1
2 ∈ R16384×16384 in (23) was used to

smooth an image whose size is 128× 128. When Fρ in (29)
was derived by using eigendecomposition, it took about 1760
seconds in our computers used in the following experiments. In
contrast, the approximation method only required 0.23 seconds
for deriving Fρ. Therefore, the approximation method can
drastically reduce the computation time.

For the optimization, the regularization parameter ρ is
gradually changed, and the optimized parameter is determined
by choosing ρ with the minimum εm.

VI. RELATED WORKS

In this section, we review related works to SGTF. In image
processing, there are mainly two types of data-dependent
filtering methods to smooth an image, i.e., the local filtering
approach [1]–[10] and the non-local filtering approach [14]–
[17].

Anisotropic diffusion [3] is known as a very first edge pre-
serving smoothing method, and many local filtering methods
are based on it. BF is effectively extended from the diffusion

approach and is widely used for image processing. Guided
filter (GF) [4] and TF [9], [10] are extensions of BF to resolve
its drawbacks, i.e., an insufficient edge preserving quality, slow
computation, and low smoothing effect. For deriving a sharp
edge preserving characteristic and fast computation, GF was
proposed by using linear regression [4]. TF [9], [10], which
is a baseline method for SGTF, deals with the problem of the
low smoothing effect. Since BF makes its smoothing effect
weak by using photometric distances, it is not enough for
smoothing high gradient regions. To enhance the smoothing
power, gradients of an image, i.e., photometric distances, are
pre-smoothed in TF. Thanks to the gradient smoothing, TF
usually has a stronger smoothing characteristic than BF, which
is effective for smoothing high gradient regions.

Local filtering methods are useful for many image pro-
cessing methods, but they cannot generally be represented
as a filter having one frequency response with regular signal
processing due to its data-dependent characteristic. Hence, its
frequency characteristic could not be designed. Instead, SGTF
can offer the design method of a filter with the graph frequency
characteristic shown in (24). This representation enables us to
design flexible filter responses for specific purposes, such as
denoising (this paper), deblurring, inpainting and so on. We
also would like to emphasize that our work extends effective
image processing filters to arbitrary graph signals, which have
not been considered well so far.

SGBF [18], [19] can also be considered as a graph spectral
domain filter, and the filter response was determined with the
regularization approach in (27). However, the regularization
parameter was empirically selected in these works. As shown
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TABLE I
DENOISING RESULTS (AVERAGE OF TEN EXECUTIONS): PSNR (DB). BOLD LETTER INDICATES THE BEST PSNR WITHIN THE LOCAL METHODS. IN

UNOPTIMIZED SGTF WHICH IS DENOTED AS SGTFunopt , ρ = 1.

Local filtering method Non-local filtering method
Images/Methods σ Noisy BF TF SGBF SGTFunopt SGTF NLM BM3D

Lena

20 22.13 26.21 25.59 26.87 25.98 28.02 25.78 29.99
30 18.59 21.34 21.27 22.95 22.38 25.28 25.64 28.05
40 16.09 17.99 18.63 19.89 19.92 23.49 25.22 26.57
50 14.16 15.71 16.09 17.18 18.06 22.11 24.33 25.67

Watch

20 22.13 26.47 26.17 27.17 25.96 27.97 26.56 31.47
30 18.59 21.55 21.88 23.26 22.58 25.57 26.30 29.06
40 16.09 17.93 18.93 19.82 20.02 23.80 25.76 27.31
50 14.16 15.74 16.59 17.11 18.20 22.26 24.76 26.33

Boat

20 22.13 26.27 25.52 26.92 26.17 27.58 26.01 30.43
30 18.59 21.39 21.98 23.20 22.38 25.13 25.77 28.33
40 16.09 18.27 18.54 20.03 20.11 23.51 25.19 26.64
50 14.16 16.06 16.60 17.02 18.39 22.16 24.34 25.51

Monarch

20 22.13 26.01 24.54 26.50 25.97 27.43 24.68 28.96
30 18.59 21.12 20.91 22.69 22.22 24.70 24.27 26.81
40 16.09 18.03 18.53 19.51 19.81 22.85 23.59 25.04
50 14.16 15.83 16.55 16.95 18.24 21.62 22.59 24.07

Kodim23

20 22.13 25.29 24.02 25.69 25.54 26.42 24.78 28.23
30 18.59 20.90 20.94 22.08 22.22 23.97 24.39 26.21
40 16.09 17.94 18.38 19.20 19.88 22.27 23.76 24.39
50 14.16 15.81 16.31 16.75 18.08 20.92 22.73 23.69

in Fig. 7, the optimal parameter highly depends on signals
and noise strengths. In this paper, we present a systematic
parameter selection method in Section V, which is another
contribution of this paper.

Non-local methods, e.g., non-local means (NLM) [14]–
[16] and BM3D [17], show state-of-the-art image restoration
qualities. NLM is one of the well-known non-local methods in
image processing, and it was accelerated in [15] and applied to
some image processing problems [16]. BM3D indicates state-
of-the-art results of suppressing white Gaussian noise. In these
non-local methods, the matching process of image patches is
generally performed for finding patches similar to the target
patch in an image. Due to the matching process, the non-local
approach cannot be straightforwardly applied to an arbitrary
graph signal. Graph signal denoising with non-local filtering
methods would be an interesting challenge, but there are no
such method so far, to the best of our knowledge.

VII. EXPERIMENTAL RESULTS

We examined the reconstruction quality of the proposed
SGTF-based denoising/smoothing on various graph signals,
including images and 3D meshes. All experiments were im-
plemented with MATLAB R2013b, and they were run on 2.9
GHz Intel Xeon E5-2690 processor with 62.9 GB RAM.

In SGTF, the filter kernels of gradient smoothing and detail
smoothing were set to h(Λg) := exp

(
− (Λg)2

2

)
and h(Λ) :=

(I + ρΛ2)−1, respectively. The filter kernel of SGBF was set
by the same as that of SGTF, i.e., h(ΛBF) := (I + ρΛ2

BF)−1.
Additionally, σ2

c = 1 in all experiments. AWGN was used for
denoising experiments, and hence, the estimation of MSE is
derived as (36). In experimental results, PSNR and SNR are
described with its average value of ten executions6.

6The variance of the resulting PSNR and SNR is approximately 0.3
regardless of signals and methods used.

A. Image Denoising

In this subsection, SGTF was applied to image denoising.
The parameter γ in (12) was set to 0.15. In SGBF and SGTF,
all regularization parameters ρ were independently determined
by minimizing (36), where all ρ were varied from 1 to 7 in
steps of 0.1. Additionally, σ2

s of s(·) was set to 30 in BF and
SGBF.

SGTF was compared with BF [5]–[8], TF [9], [10] and
SGBF [18]. Five eight-bit grayscale images (Lena, Watch,
Boat, Monarch, and Kodim23) were used for the experiments.
These images were 128 × 128 pixels and partial images
of the original ones. In this experiment, AWGN with σ =
{20, 30, 40, 50} was added to the images.

Fig. 8 shows the results of image denoising in the case of
σ = 30. As shown in Fig. 8(c), BF cannot remove the noise
well. In contrast, as can be seen in Fig. 8(d), TF suppresses
the noise better than BF. Since gradients of the image are
smoothed, TF has a better smoothing characteristic than BF
in high gradient regions. However, the noise is still retained.
SGBF and SGTF clearly have better smoothing qualities than
the data-dependent filters without the GSP-based formulation.
Furthermore, SGTF has a stronger smoothing characteristic
than SGBF. Finally, one can observe in Fig. 8(f) and (g) that
our parameter optimization technique works well.

Table I summarizes the image denoising qualities. The graph
spectral-domain methods show better results than the spatial-
domain methods, i.e., BF and TF. Additionally, our method
outperformed SGBF up to 3 dB in the case of σ = 50. As
a result, SGTF is experimentally verified to have both strong
noise reduction and edge preserving properties even for signals
on a uniform grid.

As a reference, Table I also indicates the results of the non-
local filtering methods; NLM and BM3D. They show better
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Fig. 9. Denoising results of Minnesota Traffic Graph and Swiss Roll Graph. (a) Original signal of Minnesota Traffic Graph. (b) Noisy signal of (a) (σ = 1).
(c) Signal denoised by graphBior(6, 6). (d) Signal denoised by oversampled graph filter bank. (e) Signal denoised by SGWT. (f) Signal denoised by SGBF.
(g) Signal denoised by SGTF. (h) Original Signal of Swiss Roll Graph. (i) Noisy signal of (h) (σ = 50). (j) Signal denoised by graphBior(6, 6). (k) Signal
denoised by OSGFB. (l) Signal denoised by SGWT. (m) Signal denoised by SGBF. (n) Signal denoised by SGTF.

PSNR than SGTF7 (and other local methods) since basically
non-local approaches outperform local ones. However, as
mentioned in Section VI, non-local methods for arbitrary graph
signals have not been presented so far. In general, graph
signals have complex structures which lead to a problem for
finding similar sub-graph signals. Additionally, we believe
local methods will be beneficial especially for graph signals
since they are often high-dimensional. An easy construction of

7We note that SGTF outperforms NLM in some cases.

the adjacency matrix W with the local method is, therefore,
required for graph signal smoothing. We validate SGTF for
arbitrary graph signals in the following experiments.

Note that the GSP-based methods take more computation
time than the vertex-domain filterings. Under the experimental
conditions, TF requires 1.23 seconds in average for smoothing
an image, whereas SGTF needs 78.48 seconds with the great
increase of PSNRs.
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TABLE II
DENOISING RESULTS OF GRAPH SIGNALS (AVERAGE OF TEN

EXECUTIONS) : SNR (DB).

Minnesota Traffic Graph
σ 1 1/2 1/4 1/8

noisy −0.04 6.01 12.08 17.99
graphBior(6, 6) 2.59 8.42 14.25 20.00

OSGFB 4.15 10.15 15.36 21.73
SGWT 10.63 12.11 14.09 18.03
SGBF 10.49 13.88 16.31 19.77
SGTF 10.67 13.90 16.38 19.80

Swiss Roll Graph
σ 50 40 30 20

noisy 8.94 10.88 13.38 16.90
graphBior(6, 6) 10.74 12.49 15.07 18.39

OSGFB 16.87 18.19 20.26 22.23
SGWT 19.54 20.11 20.57 21.07
SGBF 13.39 16.05 19.78 25.07
SGTF 20.49 21.30 22.33 23.85

B. Graph Signal Denoising

Here, we used the proposed method to smooth noisy graph
signals. The parameter γ in (12) was set to 1. All regularization
parameters ρ were independently determined by minimizing
the estimation of MSE, where all ρ were varied from 0.1 to
100 in steps of 0.1 in SGBF and SGTF. In the case of denoising
of the signal on Minnesota Traffic Graph shown in Fig. 9(a),
σ2
s of SGBF was set to 10. In addition, σ2

s of SGBF was set to
30 for the denoising of Swiss Roll Graph shown in Fig. 9(h).

In the experiment of graph signal denoising, SGTF was
compared with SGBF [18], graphBior(6, 6) [30], oversam-
pled graph filter bank (OSGFB) [31], and spectral graph
wavelet transform (SGWT) with three scales [20]. In the
graphBior(6, 6), OSGFB and SGWT, only one level transform
was used for this experiment. Additionally, these methods
retained the lowest-frequency subband, and the remaining
high-frequency subbands were hard-thresholded with T = 3σ.

Fig. 9 shows the denoising results of Minnesota Traffic
Graph and Swiss Roll Graph, respectively. The signal value of
Minnesota Traffic Graph was {−1, 1}, and the range of signal
value of Swiss Roll Graph was [0, 200]. Table II summarizes
both denoising qualities. In the case of the large σ, it is
clear that SGTF sufficiently reduces the noise and retains the
structure of signals. In particular, SGTF has slightly better
SNR than SGWT in the denoising result of Minnesota Traffic
Graph with σ = 1, but the denoised signal of SGWT is over-
smoothed across the boundary in comparison with Fig. 9(e)
and (g). As a reason for this, the high frequency component
is extremely reduced to smooth the noise by using the hard-
thresholding.

In Table II of Minnesota Traffic Graph, the graph filter bank
methods, i.e., graphBior(6, 6) and OSGFB, indicate slightly
better SNRs than the others in the case of σ = 1

8 . This
is because they are uniform-band graph filter banks and we
kept the lowest subband unchanged, i.e., no thresholding
was performed for the subband. In contrast, SGWT, SGBF
and SGTF have narrower passbands than the uniform-band
methods for lowpass filters. They would cause such worse
SNR for the small σ. By changing filter kernels, SGTF will

Fig. 10. Example of triangle mesh nodes.

gain more SNR for the low noise case. (Indeed this is a trade-
off issue.) Furthermore, the result of Swiss Roll Graph with
SGWT generates some spikes in comparison with Fig. 9(l)
and (n). Since SGWT is not a tight-frame, the spike as shown
in Fig. 9(l) appears in the reconstructed signal after the hard-
thresholding. Table II shows that SGTF outperforms SGBF in
the case of large noise variance, and SGBF cannot completely
reduce the noise, as can be seen in Fig. 9(m) and (n) especially.

Note that the results of SGBF at σ = 20 is better than that
of SGTF. Recall that TF usually has a stronger smoothing
characteristic than BF as described in Section VI because of
its gradient smoothing phase. For image processing, it has
been also verified in [9]. A noisy signal composed of high
noise variance can also be considered as a signal with high
gradient regions, and hence, TF shows better denoising results
at a large σ than BF as shown in Table I. Also, SGTF, which
is based on TF, has a stronger smoothing effect than SGBF in
the case of high noise variance. However, SGTF sometimes
causes oversmoothing for a signal with weak noise due to the
pre-smoothing of gradients. This is why SGTF shows a bit
worse results than SGBF for its characteristic. Similar to image
processing, it is numerically verified that SGTF is suitable for
denoising of arbitrary graph signals with high gradients.

C. 3D Mesh Smoothing

Finally, we applied SGTF to the 3D mesh smoothing. In
this application, spatial coordinate values of triangle mesh,
where these coordinates are represented as [px,py,pz], are
considered as three independent graph signals as shown in
Fig. 10.

Observed noisy graph signals are represented as

px = p∗x + ex,

py = p∗y + ey,

pz = p∗z + ez,

(38)

where [p∗x,p
∗
y,p

∗
z] are noise-free graph signals and

[ex, ey, ez] are AWGN with the variance σ. Similar to
in Section V, SGTF with the parameter optimization is used
for smoothing graph signals in (38). Recall that the spatial
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Original 3D mesh Noisy 3D mesh with σ = 20

(a) (b)

(c)

Fig. 11. 3D mesh smoothing results with Teapot. (a) SGWT. (b) SGBF. (c)
SGTF.

TABLE III
3D MESH SMOOTHING RESULTS WITH TEAPOT (AVERAGE OF TEN

EXECUTIONS): SNR (DB).

σ 50 40 30 20
Noisy 9.81 11.76 14.28 17.77
SGWT 20.68 22.61 24.59 26.42
SGBF 14.60 17.27 21.05 26.07
SGTF 23.10 24.68 26.35 28.33

coordinate is considered as graph signals in the case of a 3D
mesh. Hence, absolute values of the difference between graph
signals are equal to Euclid distance between signal values
connected with an edge. Consequently, the Gaussian function
of SGTF with respect to distance is initialized to 1, i.e., c(·)
in (19) and (21) are set to 1.

In this experiment, a 3D mesh of Teapot as shown in
Fig. 11(a) was used. Original graph signals [p∗x,p

∗
y,p

∗
z] were

in the range from −300 to 343. By adding AWGN with
σ = {20, 30, 40, 50} to the original graph signals, observed
graph signals [px,py,pz] were created. All regularization
parameters ρ were independently determined by minimizing
the estimation of MSE, where all ρ were varied from 1 to 50
in steps of 1 in SGBF and SGTF. The arbitrary parameter γ
in (12) was set to 1. In the case of the 3D mesh smoothing of

Teapot shown in Fig. 11(a), σ2
s of SGBF was set to 30.

In the experiment of 3D mesh smoothing, SGTF was
compared with SGBF [18] and SGWT with three scales [20].
The thresholding approach for SGWT is the same as that in
the previous subsections.

Fig. 11 shows results of the smoothed 3D mesh. The 3D
mesh smoothed by SGWT has some spikes as shown in
Fig. 11(a). The possible reason for this was indicated in the
previous subsection. By SGBF, the noise is retained on the
whole 3D mesh. In comparison with the above conventional
methods, SGTF presents a more smoothed surface without
spikes as shown in Fig. 11(a). Furthermore, as can be seen
in Table III, our method outperforms the others by 2 dB in
SNR.

VIII. CONCLUSION

We presented a trilateral filter represented in the graph
spectral domain. The trilateral filter was first constructed on the
graph vertex domain and then extended to the graph spectral
domain. From this extension, a suitable graph filter can be
designed for smoothing arbitrary graph signals. The Tikhonov
regularization was applied to design a graph filter for de-
noising, and then the regularization parameter was optimized
by minimizing the estimation of MSE inspired by Cp-type
cost. Additionally, by considering the spatial coordinates of
triangle meshes as graph signals, SGTF was applied to all
graph signals of 3D mesh under the additive white Gaussian
noise. Experimental results showed that these graph filters
outperform the conventional methods.
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